Several proposals for scalable quantum computation rely on the manipulation of the spin of individual electrons in semiconductors. We show that a spin-sensitive optical Stark effect will produce a coherent rotation of spin in quantum dots containing a single electron. The calculated magnitude of the effective magnetic field depends on the dot band gap and the strain. We predict that in InAs/ InP dots, for reasonable experimental parameters, the magnitude of the rotation is sufficient and the intrinsic error is low enough for them to serve as elements of a quantum-dot-based quantum computer. © 2006 American Institute of Physics. ͓DOI: 10.1063/1.2206679͔ Scalable proposals for quantum computation 1 require qubits that can be manipulated individually ͑single-qubit gates͒ and also can controllably interact with each other ͑two-qubit gates͒.
Scalable proposals for quantum computation 1 require qubits that can be manipulated individually ͑single-qubit gates͒ and also can controllably interact with each other ͑two-qubit gates͒. 2 In solid-state systems often the two-qubit gates appear easier to realize, e.g., by the exchange interaction between electrons. 3 This motivated the proposal of allexchange-based quantum computation, 4 requiring only twoqubit ͑exchange͒ gates, but a large number of gate operations. Recent work indicates that substantial reductions are possible. 5 Here we consider a spin-selective ac Stark effect whereby a quantum dot is illuminated with a single intense pulse of circularly polarized nonresonant light ͓Fig. 1͑a͔͒ as a means to coherently manipulate single spins in dots. Spin splittings of states of ϳ1 meV via the spin-ac Stark effect have been demonstrated in undoped CdSe quantum dots; 6, 7 however, to date the coherent manipulation of spins has only been demonstrated in spin ensembles in ZnMnSe quantum wells. 8 Here we predict that a spin-ac Stark effect ͑1͒ produces coherent rotations of electron spin in quantum dots doped with one electron, ͑2͒ the rotation angle can exceed for reasonable experimental parameters, and ͑3͒ the error rates are tolerable for quantum computation.
Theoretical considerations of the ac Stark effect 9-11 have focused only on non-spin-selective energy shifts. An intense nonresonant pulse of light shifts the energies of the dot states, and if the pulse is circularly polarized the two spin states shift differently ͑due to differing transition matrix elements͒. Hence this pulse splits the two lowest energy conduction states, even when they are coherently occupied by one electron. The splitting of these two states ͑spin-up and spin-down͒ can be viewed as an optically induced pseudomagnetic-field ͑B eff ͒ oriented along the propagation direction of the incident light. Application to quantum computing is clear, since one well-known realization of a single-qubit operation is a magnetic field applied to a spin for a definite period of time. As this pseudo-magnetic-field can be applied in the absence of a real magnetic field, resonant oscillation of this precessing field is not required. We find that the size of the effective field in certain dot systems, for reasonable experimental conditions, exceeds the magnitude required for 180°rotation of the spin polarization͑ pulse͒. Furthermore we estimate the error rates for spin manipulation via this process under reasonable conditions to be smaller than 10 −6 .
There are a wide variety of quantum dot systems with various properties affecting the Stark splitting. Of particular interest are the level spacings and oscillator strengths, both of which are affected by material parameters and the size of the dots. We will examine Stark splittings in CdSe and InAs colloidal quantum dots ͑CQDs͒, as well as in InAs/ GaAs and InAs/ InP self-assembled quantum dots ͑SAQDs͒. This set, while not exhaustive, spans a broad range of parameters, geometries, and strains.
The ac Stark effect with unpolarized light is a nonlinear effect whereby photons tuned near the transition between two states induce a level repulsion between the two states. 9, 11 In perturbation theory 10 this level repulsion depends on If / ␦, where I is the light intensity, f is the oscillator strength of the transition, and ␦ is the detuning of the photon energy from the transition energy ͓see Fig. 1͑b͔͒ . When circularly polarized light illuminates a transition from the first valence state pair to the first conduction state pair in a crystal with spinorbit interaction the oscillator strengths of the transitions differ considerably; this causes the effective spin splitting of the conduction state pair.
We calculated optical Stark shifts nonperturbatively using a restricted basis of quantum dot wave functions calculated with eight-band k · p theory in the envelope approximation using a method described previously. 12 Because of the larger band gap and lack of strain, the CdSe calculations a͒ Electronic mail: craig-pryor@uiowa.edu FIG. 1. ͑Color online͒ ͑a͒ SAQD and CQD quantum dot geometries. For SAQDs, the incident light is taken to be incident along the growth direction. ͑b͒ Level diagram for a quantum dot with one electron in the lowest conduction band state, perturbed by incident light detuned below the band gap. The electron spin precesses in response to the effective magnetic field B eff oriented along the propagation direction of the incident light.
were performed with a single-band model for the conduction band and a four-band model for the valence band. The CdSe calculations were done for the zinc blende form, and all material parameters were taken from Ref. 13 .
Calculation of the energy shifts under illumination was done by constructing a restricted set of Fock states for the combined electron-photon system. Eight valence states and the lowest conduction doublet were used for the quantum dot states. The states in the basis for the electron-photon system were ͉0,1;1,1,1,1,1,1,1,1;N ␥ ͘, ͉1,0;1,1,1,1,1,1,1, 1;N ␥ ͘, ͉1,1;1,1, ...0, ... ,͑N −1͒ ␥ ͘ for a total of 10 states. For the first two Fock states all valence states and one conduction state are occupied, and there are N ␥ photons in the photon field. For the other eight Fock states, both conduction states are occupied, only one valence state is unoccupied, and there is one less photon than in the first two states. Inclusion of additional states did not alter the results. In this restricted basis the Hamiltonian for the coupled electronphoton system is given by
where
.., P is the momentum operator, ⑀ ± is the polarization vector of the circularly polarized incident light with electric field E 0 , vi and cj are the valence and conduction band states, respectively, and d ij are the dipole matrix elements. Coherent states for the light field can then be naturally constructed from the mixed electron-photon states obtained above. Although Eq. ͑1͒ looks similar to a Hamiltonian for undoped dots, the bras and kets are very different. Hence we find the surprising result that spin splittings for dots with one electron are identical to those of undoped dots. Pauli blocking does not have an effect on the splittings. Figures 2͑a͒ and 2͑b͒ show the energies of the conduction states for two representative dot systems: an InAs/ GaAs SAQD and a CdSe CQD. In both cases, the splittings increase as the detuning approaches zero and change sign when the detuning changes sign. The first notable feature is the difference in spin selectivity, which can be traced to the differing strain and shape. For CdSe both spin states are shifted, but by different amounts, while for InAs/ GaAs only one spin state is shifted. Because the CdSe dot has an approximate spherical symmetry and is unstrained, the highest valence states are closely spaced ͑Ͻ1 meV͒, with comparable amounts of heavy hole ͑HH͒ and light hole ͑LH͒ characters. As a result, both the HH and LH transitions contribute to the Stark shift, and both spin directions for the conduction state are shifted. The difference between the shifts reflects the difference in oscillator strengths for HH and LH transitions, whose ratio of 2:1 is approximately the ratio found in bulk band-to-band transitions, 3:1. This 2:1 ratio, and the dependence of the splitting on detuning, is in good agreement with Ref. 6 . In contrast, for InAs/ GaAs dots the highest valence state is almost entirely HH and separated from the next valence state by several tens of meV ͑depending on size͒. Hence, the Stark shift is dominated by the ͑doubly degenerate͒ highest valence state which gives a Stark shift for only one spin direction of the conduction electron.
B eff will be oriented along the direction of the incident light, provided the dipole matrix element is nonzero. For spherically symmetric CQDs, B eff may point in any direction͑s͒. While not spherically symmetric, SAQDs do have a discrete set of directions in which the dipole matrix element is nonzero. SAQDs are typically elongated along the 110 direction, allowing a nonzero B eff to be obtained along three orthogonal axes. This situation differs from that for quantum wells, where symmetries restrict B eff to only lie along the growth direction.
We now examine the effect of dot size on the spin splitting. Figure 3 shows the splittings for detunings from 30 to 70 meV for all four systems. Since we are interested in manipulating spins through the effective magnetic field, it is useful to consider the precession angle associated with a light pulse of duration ␦t given by s = ⌬E␦t / ប, where ⌬E is the Stark spin splitting. In the results that follow, we give Stark splittings in meV as well as the corresponding s for a 200 fs pulse with a power density of 10 9 W/cm 2 , which we refer to as a reference pulse. The ϳ2 meV spin splitting seen in CdSe CQDs agrees with that measured experimentally in undoped dots. 6 The trend in Fig. 3 is surprising; for a given material system larger dots have larger splittings, in spite of the fact that oscillator strengths decrease with increasing dot size. The reason is that the interaction term in the Hamiltonian is proportional to 1 / . For a fixed detuning, the increase in 1/ for larger dots dominates the decrease in the dipole matrix element.
The importance of the band gap suggests selecting the dot material to minimize the gap. One possibility is to use a small band gap material, such as InAs, but to avoid the band gap increasing effect of strain by using an InAs CQD. Confinement increases the band gap over that of bulk InAs, but for typical CQD sizes E g Ͻ 1 eV, which is substantially less than E g Ϸ 2 eV for CdSe CQDs. Figure 3 confirms the expectation that InAs CQDs have larger splittings than CdSe CQDs over most of the range of sizes, but the increase in splitting is at most a factor of 1.5. While InAs CQDs have larger splittings than CdSe, they are still a factor of 5 smaller than for InAs/ GaAs. In spite of a smaller band gap, the lack of strain in InAs CQDOs decreases the HH/LH splitting so much that the Stark splitting is substantially decreased as well.
An alternative to the complete elimination of strain is to choose materials with a smaller mismatch. InAs/ InP is an excellent candidate, with a lattice mismatch of 4% ͑as opposed to 7% for InAs/ GaAs͒ and an edge-to-edge band gap of approximately 0.5 eV.
14 The highest valence state is still predominantly HH, and the first excited valence state ranges from 10 to 30 meV below, depending on size. In addition, InAs/ InP data have band gap at 1.55 m. Figure 3 shows that the splittings in InAs/ InP are substantially larger than those for InAs/ GaAs. Some of the improvement is simply due to the smaller band gap and the factor of 1 / in the interaction as discussed earlier. However, the discontinuity in the curves indicates the improvement due to the increase in strain and the resulting increased HH/LH splitting. At our standard illumination of 10 9 W/cm 2 with a 200 fs pulse width, a rotation is possible at even large detunings, ␦ = −70 meV.
Bit errors may arise from a variety of sources, such as nonlinear effects and free-carrier excitation. 8 Here we focus on errors due to nonzero linewidths. For measurements on an ensemble of dots, size inhomogeneities will yield a range of rotation angles. More relevant for a quantum computer, the linewidths of individual dots will cause some uncertainty in s . To address this question, we have calculated numerical estimates of
as shown in Fig. 4 . For the systems considered this quantity varies from −0.008 to − 0.014 meV −1 , depending on detuning. The results of Fig. 4 may be used to estimate the uncertainty in s , ⌬ s . For example, an ensemble measurement of InAs/ InP dots with an inhomogeneous linewidth of 50 meV would give ⌬ s Ϸ 0.5 for a pulse, which should be sufficient to permit observation of a spin echo. For a single dot with a linewidth of 0.1 meV, ⌬ s Ϸ 0.001, corresponding to a bit error rate of 10 −6 . The spin decoherence time for ensembles of undoped quantum dots can exceed several nanoseconds; 15 spin coherence times for single doped dots are expected to be significantly longer, corresponding to a bit error rate of less than 10 −6 . This is sufficiently small for error correction algorithms to apply 16 ͑desirable error thresholds have been estimated 16 at 10 −5 -10 −6 ͒. Errors in s may also arise from shot noise in the laser pulse. The electric field E 0 appearing in Eq. ͑2͒ has some uncertainty due to variations in the number of photons in the pulse. Assuming the laser is focused to 1 m 2 with a photon energy of 1 eV, a reference pulse contains approximately 10 7 photons. The uncertainty in the incident intensity is
The corresponding bit error rate is approximately 10 −6 , which is still acceptably small for error correction. 16 This estimate gives a lower limit on the error rate since it neglects additional sources of laser noise that would increase the error rate.
We conclude that the use of the spin-ac Stark effect is a viable approach to single-qubit manipulation in quantum dots. The magnitude of the Stark splitting in SAQDs is 5-10 times larger than in CQDs due to the strain-induced HH/LH splitting. The Stark splitting also increases with decreasing band gap, though the effect is smaller than that of strain. We propose InA / InP dots as a candidate system, which are strained, but have a relatively small band gap of 0.7-0.9 eV ͑including 1.55 m͒. We find that for such dots, pulses may be obtained for experimentally realistic pulses ͑10 9 W/cm 2 , 200 fs͒ and detunings ͑−70 meV͒. For typical inhomogeneous broadening ͑50 meV͒ the variation in rotation angle is ⌬ s Ϸ 0.5. For a single dot with an intrinsic linewidth of 0.1 meV we estimate the bit error rate to be on the order of 10 −6 , and we estimate that the bit error rate due to laser shot noise is also on the order of 10 −6 . These rates are sufficiently low for quantum error correction.
